Abstract-A distributed estimation approach based on opinion dynamics is proposed to enhance the reliability of vehicle corners' velocity estimates. The corners' estimates, which are obtained from a Kalman filter, is formed by integrating the model-based and kinematic-based velocity estimation approaches. These estimates are utilized as opinions with different levels of confidence in the developed algorithm. More reliable estimates robust to disturbances and time delay are achieved via solving a convex optimization problem. Vehicle tests with various driveline configurations are performed to verify the estimator performance under different surfaces friction conditions in pure and combined-slip (combination of longitudinal/lateral) maneuvers, which are arduous for the current vehicle state estimators.
I. INTRODUCTION
Developing a robust estimation structure to utilize available sensor data in a production vehicle is important for reliable vehicle state estimation, which is essential for vehicle active safety systems. Such estimation methods can further benefit from cooperative and distributed estimation in intelligent transportation systems [1] , at a reasonable cost. There are two commonly-used methods to estimate longitudinal and lateral velocities: model-based and kinematic-based approaches. The model-based approach integrates measured longitudinal/lateral accelerations and uses tire forces to correct the estimation, but it also needs accurate model parameters and surface friction. An extended Kalman filter (EKF) is employed for both longitudinal and lateral modelbased vehicle state estimations in [2] , [3] ; an EKF with smooth variable structure is also utilized in [4] to estimate lateral velocities and sideslip angles. Employing unscented Kalman filter (UKF), [5] and [6] propose different methods for estimation of the lateral and longitudinal velocities, respectively, using knowledge of the road condition and tire model parameters. The approach in [7] applies a slidingmode observer for the velocity estimation and an EKF for estimation of the Burckhardt tire model's friction parameter. A model-based vehicle lateral state estimator is developed in [8] using a yaw rate gyroscope, a forward-looking monocular camera, and pre-loaded map with road superelevation and temporally-previewed lane geometry. On the other hand, the kinematic method uses the acceleration and yaw rate measurements from an inertial measurement unit (IMU) and estimates the vehicle velocities employing Kalman-based [9] , [10] , or nonlinear [11] observers. This method does not require a tire model, but the sensor bias and noise should be identified precisely to have a reliable estimation. Two low-cost GPS receivers for the lateral velocity estimation is [12] and the low update rate issue of conventional GPS receivers is compensated by combining the IMU and GPS data using an EKF.
[13] proposes a vehicle state estimator by combining data of magnetometer, GPS, and IMU and utilizing a stochastic filter integrated on the Kalman filter to reject disturbances in the magnetometer.
Reliable vehicle state estimation using conventional sensor measurement without using road friction information is desirable. Such a reliable estimator with a corner-based structure is proposed in [14] , which allocates weights to the velocity estimates of each track. The current work augments the corner-based observer with a module to address reliability of the estimation setup. The proposed module is inspired by the opinion dynamics model [15] , [16] . Opinion dynamics sometimes are reduced to the traditional consensus dynamics, when the opinions of all members of the network have the same weight, as discussed in [17] . In this paper, a generalized from of opinion dynamics is considered, where the members do not have the same confidence level in their opinions. More formally, a four-node network is considered, and the members are four corners of the vehicle with estimated states as their opinions, each having a confidence level based on the corresponding corner's slip condition. A distributed estimation scheme is employed for estimating the corners' states with a Kalman-based observer, refining the estimates and making them closer to that of the high-confidence corner.
The unscented Kalman filter estimator, which provides corners' estimates as input to the opinion dynamics, is first discussed in section II. The distributed estimation algorithm based on opinion dynamics is proposed in section III to estimate velocities at corners and vehicle's CG using a reliability measure. In Section IV, vehicle tests are used to evaluate and verify the proposed approach on different road frictions and with various traction configurations. Section V presents the conclusions.
II. CORNERS' STATE ESTIMATION BY UNSCENTED KALMAN FILTER
The kinematic approach is combined with the tire's internal states at each corner to estimate longitudinal velocity and to tackle uncertain model parameters and measurement noises [14] . Because of the dynamics in its internal state and the accuracy for the transient regions, the lumped LuGre model [18] , [19] has been selected and combined with the kinematics (accelerations at each corner) to estimate longitudinal velocity. The combined-slip LuGre model relates the longitudinal/lateral internal statez i , i ∈ {x, y} aṡ [20] . The force distribution along the patch line is represented by parameter κ i . The transient region between the Coulomb and static friction in the combinedslip tire model is represented by g(v r ). Replacing the road friction term −C 0xzx of the LuGre model with the bounded uncertainty w 1 related to the road friction condition, one can rewrite the LuGre longitudinal state dynamics as follows:
The final form of the normalized longitudinal force μ x of the averaged lumped LuGre model at each corner yields μ x = σ 0xzx + σ 1xżx + σ 2x v rx where the rubber damping and relative viscous damping are denoted by σ 1x and σ 2x , respectively. The derivatives of the relative velocities have also sensor noises and bias [21] :
in which the wheel's rotational acceleration is denoted bẏ ω andv xt represents the projected longitudinal acceleration of the wheel's center in the tire coordinates. The term w 2 shows the deviation of the measured relative acceleration R eω −v xt fromv rx because of measurement noises. Combining the model-based states in (1) and kinematic-based states in (2), the proposed approach in [14] estimates relative velocities at each corner for ω > 0 by the following linear parameter-varying system with the longitudinal states
in which B c = [0 1 1] T , the estimation input is u = R eω −v xt , the output y = μ x is the normalized longitudinal force, which can be obtained from road friction-independent approaches such as nonlinear and sliding mode observers [22] - [24] , Kalman-based estimation [25] , and unknown input observers [26] , [27] . The measurement and process noises are denoted by w m and
T , respectively, with uncertaintiesw 1 in the derivative of the longitudinal tire state. The output matrix is
T , and A c (t) is defined by:
The system (3) is a linear time-varying system with deterministic parameters, wheel speed and wheel acceleration. Uniform detectability and stabilizability conditions are investigated in the Appendix to check the stability of the proposed velocity estimators for known zero/nonzero initial states and complete uncertainty of the initial-state statistics.
// prediction of the mean, output, and covariance:
There exists a state estimator such as a Kalman filter with bounded error covariance for the timevariant system (3) with deterministic time-varying parameters and known/uncertain initial state and covariance.
Proof: The proof is provided in Section VI. Consequently, the estimator (3) is observable and it is feasible to estimate the tire internal statesz x and the relative velocities v rx by a Kalman-based observer such as UKF [28] , [29] with a known or stochastic initial covariance matrix at each corner j where j ∈ {fL, fR, rL, rR} shows the frontleft, front-right, rear-left, and rear-right tires, respectively. The UKF employs a transformation, which introduces the Sigma vectors Σ ∈ RN ×2N +1 (N is the length of the state vectors) around x, to include the nonlinear and non-Gaussian characteristics of the system that was a challenge for the longitudinal velocity estimation in [14] . Algorithm 1 shows the state estimation steps using the UKF. The square root factorization of the covariance matrix P k−1 is obtained by 
T at corners
where the measured yaw rate is denoted by r and the elements of φ are the mapped velocities from corner j to the vehicle's CG, i.e., φ j (t). Front and rear track widths T f , T r are elements of T as in
T . Longitudinal velocity estimates are less reliable in highslip conditions due to less confidence in longitudinal force estimates μ x (as the output) in (3). To address this issue, a robust distributed algorithm based on opinion dynamics is developed in this study which implements mapped corners' velocities to CG, φ j (t), and self-confidence of corners to their opinion, W j > 0, based on the slip condition. Slip ratio is calculated at each corner usingλ j = Reωj −vxt j max{Reω,vxt j } and is employed to show the level of confidence of the mapped corner velocities to the CG in (6) with constants k 1x , k 2x > 0
which confirms low reliance on corners with high-slip conditions. All corners' levels of confidence can be represented as a diagonal matrix W = diag{W fL , W fR , W rL , W rR } for longitudinal estimates.
III. DISTRIBUTED ESTIMATION BY OPINION DYNAMICS
The selected Kalman-based velocity estimator at each corner and the confidence level based on the slip condition were introduced in the previous section. This section focuses on a distributed estimation approach robust to disturbances and delays to reach a reliable consensus among corner estimates. Corner estimated velocities are mapped to CG and denoted by the opinions φ j (t) with confidence level W j which is a monotonic decreasing function of the slip ratioλ j . The proposed dynamics for each opinion (in the longitudinal and lateral direction) is in the following forṁ
where N k is the set of the neighbors of the k-th corner. Equation (7) can be written in the vector form in (8) with φ(t) ∈ R 4 for all states and y(t) as the output of interest: 
where J 4 , I ∈ R 4×4 are the unit and identity matrices, respectively. Fig. (1) illustrates the complete graph with corners' longitudinal velocity estimates, the structure of the developed distributed estimation scheme, and the hardware layout for real-time implementation are illustrated in Fig. (1) . The following proposition shows how the steady-state value of opinion dynamics (8) converges inside the convex hull of the longitudinal estimator's initial opinions.
Proposition 1: The states in opinion dynamics (8) asymptotically converge to a convex combination of the initial opinions. 
Having L1 = 0 results in (L − W)1 = 0 that yieldsL1 = W1. Left multiplying both sides byL −1 , we getL −1 W1 = 1. This shows thatL −1 W is a row stochastic matrix and (10) converges to some convex combinations of the elements of φ(0). Based on the above proposition, the variation of the steadystate opinions is smaller than that of initial opinions.
Remark 1: Based on Proposition 1, the steady-state modes of the corners' opinion converge to some points inside the convex hull of the initial opinion; hence, the variation of corners' opinion decreases during the opinion dynamics. Moreover, final opinion values become closer to the ones with higher confidence levels. Due to the existence of disturbances Ω(t) and time delay τ (caused by low-pass filters applied to signalsω,v xt and measured accelerations), (8) can be written aṡ
The following lemmas discuss the stability of dynamics (8) 
Lemmas 1 and 2 reveal that the robustness of (8) in increasing λ 4 (L) (decreasing robustness to time delay), and vice versa. In order to tackle this problem, confidence matrices W should be chosen such that both robustness requirements are satisfied to a certain level. More formally, the following optimization problem is introduced:
for some γ, where W jmin , W jmax > 0 are determined based on the slip condition of the corresponding corner and (6).
Here γ is a design parameter which represents the inherent existing delay in the state estimator setup due to filtering. More particularly, since the magnitude of the delay caused by filtering processes is known (or can be estimated), based on (12), the parameter γ is chosen to make sure that the opinion dynamics remains stable in the presence of such delay. Moreover, based on (6) and the the extremum values of slip ratios λ i , some bounds for the confidence levels, i.e., W jmin and W jmax , are determined. We know that the spectral radius of a positive definite matrix is a convex function and its smallest eigenvalue is a concave function of the matrix elements.The constraints are also in the form of convex sets. Therefore, the above problem is a convex optimization problem and has a unique optimal solution. In real-world implementation, signals are used in discrete-time. The discretization of the continuous-time systems discussed here is done by the stepinvariance method, because of its precision and response characteristics. Algorithm 2 describes the detailed steps of the utilized opinion dynamics, as depicted in the general structure shown in Figure 1(b) .
IV. EXPERIMENTAL RESULTS AND DISCUSSION
To verify the proposed distributed state estimation algorithm, an electric SUV was instrumented with an RT2500 6-axis GPS system is used. The measured accelerations, yaw rate, wheel speed, and steering angle are inputs to the cornerbased velocity estimator. Real-time acquisition and processing of sensory information and the developed algorithm is done using the dSPACE R MicroAutobox with CAN-bus communication. The dSPACE compiles measurements for estimators and controllers in MATLAB/Simulink. The sampling frequency the experiment is set to be 200 [Hz] . Vehicle tests are conducted on surfaces with various friction conditions and in different maneuvers. The vehicle specifications are: wheel's moment of inertia I w = 1.7 kgm 2 , vehicle mass m = 2045 kg, vehicle moment of inertia I z = 4161 kgm 2 , and front/rear track widths T f = 1.59, T r = 1.58 m. Constants for the confidence level in (6) are k 1x = 25 and k 2x = 1. For the velocity estimator, the load distribution factor is κ x = 7.6, the rubber stiffness and damping are σ 0x = 658 1/m and σ 1x = 0.75 s/m, respectively, and the relative viscous damping is σ 2x = 0.0018. The distributed opinion dynamics scheme on the Kalman-based longitudinal state estimator is examined in a full-throttle launch on an icy surface and the results are illustrated in Fig. 2 for the AWD configuration. The wheel peripheral translational velocity, "Wheel Periph.", increases drastically for all four wheels due to high wheel speed on the icy surface, but the estimated wheel center velocity is accurate when compared to the measured one by GPS. The proposed unscented Kalman filter and the optimized corners' final confidence levels lead to the observed smooth and accurate velocity estimation at corners for such highly slippery surface with μ ≈ 0.25. To verify the performance of the augmented Kalman-based state estimator by the robust distributed estimation scheme in a laterallyexcited maneuver, a lane-change maneuver with the RWD configuration is conducted on a surface covered with packed snow, μ ≈ 0.4. The longitudinal velocity estimation results are provided in Fig. 3 .
Several flare-ups in the "Wheel Periph." velocity compared to the measured wheel center velocity, "Meas.", are observed at each corner due to high-slip cases, but the developed state estimator, "Wheel Cent.", with the incorporated robust opinion dynamics exhibit good performance even for such a laterally-excited maneuver on snow with RWD configuration. Combined-slip maneuvers are demanding for modelbased vehicle state estimators because several of the model's contributing parameters and the road friction coefficient, are unknown in practice. A combined-slip acceleration-in-turn (AiT) maneuver on wet sealed asphalt with μ ≈ 0.4, in which the capacity of a tire in the longitudinal/lateral directions reduces due to high slip in another direction, is performed with the RWD configuration. The results are illustrated in Figure 4 where the measured longitudinal/lateral accelerations together with the wheel speed at each corner are provided to show the high-slip and arduous characteristics of the maneuver. 
V. CONCLUSION
A distributed estimation algorithm based on opinion dynamics is presented in this paper to increase the reliability of a Kalman-based vehicle velocity estimator. Utilizing an unscented Kalman filter on an integrated model-based and kinematic-based state estimation scheme, the proposed velocity observer provides velocity estimation at the corners with the level of confidence characterized by the magnitude of slip ratio of that particular corner. The mapped corners' velocity to CG was interpreted as the opinion of that corner in a linear time-invariant dynamical system to attenuate the effect of disturbances and time delay in real-time implementation. The improved estimated states, which are closer to the network element(s) with the highest confidence level, are remapped to each corner to make the overall estimation setup perform more reliably. To validate the approach, several vehicle tests have been conducted on surfaces with various friction conditions and in normal and harsh driving scenarios.
VI. APPENDIX
Proof of Theorem 1: The time-variant longitudinal state estimator (3) is discretized by the step-invariance method in which the discrete-time system has the output matrix C d = C c and state/input matrices A = e Ac(t)Ts , B =
Ts 0 e Ac(t)τ B c (t)dτ . The discrete-time form yields:
with process and measurement uncertainties pk , mk , which have the covariances
T ], accordingly. Process and measurement noises are assumed to be uncorrelated E[ pk ,
T mk ] = 0. Uniform detectability leads to bounded error covariance and was studied in [32] , [33] for the Kalman estimator on LTV systems. The detectability condition is checked and satisfied for the discrete-time form of the proposed estimators (3). The following Lemma addresses the stochastic initial state condition.
Lemma 3: ( [34] ) The Kalman estimator on the system (A1) with an error covariance matrix and stochastic initial state P 0|−1 = ψI, ψ ∈ R + is stochastically observable if the conditions (A2) holds for a finite time t f and for t k ≥ t f with the predefined boundσ b :
where M, N are obtained from a modified Riccati equation as provided in [14] . The two criteria (A2) are examined using Q = 3 −3 I 3×3 andR x = 0.0015 for the longitudinal velocity estimators and met with the model parameters provided in section IV in various driving scenarios and road conditions. For all performed road experimentsσ max (M f ) converges to zero after at most 0.029 s andσ b = 3.4. Therefore, the Kalman observer is stable even if the scalar ψ has infinite values.
